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Abstract 

We consider tachyonic string-field fluctuations about a Dp-brane background in the 
geometrical (CFT) formulation of Vacuum String Field Theory. We then extend this 
analysis to the case of a background S-field. We find that the standard results for 
D-brane tension are reproduced in both cases. 



1 Introduction 



Vacuum String Field Theory |]14| is believed to represent Witten's cubic open string field 
theory (see also P, ||, ||, |^) near the tachyon vacuum. Sen conjectured that unstable 
D-brane configurations may collapse into other stable configurations via condensation of the 
tachyon |0, In particular, the D25-brane background of open bosonic string theory is 
expected to condense into a non-perturbative tachyon vacuum P, [10]. In VSFT the usual 



BRST operator Q, whose cohomology classes represent physical states in the full theory, is 
replaced by a new operator Q which operates only on ghost degrees of freedom and has trivial 
cohomology. Therefore there are no perturbative physical states in VSFT, and moreover due 
to this simplification it is possible to find classical solutions to the string-field equation of 
motion H, |lT], |14|. In Witten's original notation the action is given by 



so that the equation of motion for the string-field \E' is Q'^ = -k'^. 

The problem of tachyon fluctuations and the resulting D25-brane tension in the context of 
VSFT was first considered by Hata and Kawano [Q, and by Rastelli, Sen and Zwiebach | |15|| . 
In the former paper the D25-brane tension did not seem to be compatible with the standard 
result, and in the latter doubt was expressed as to the validity of the linearised equations 
of motion for the tachyon perturbation, when the BPZ-product with the perturbation state 
(which is slightly outside the Fock-space) is taken. The analysis by two of the present authors 
in clarified the limiting procedure involved when taking star- and BPZ-products, and 
showed that the linearised equation of motion is indeed valid in the 'strong' sense, obtaining 
a result for the D25-brane tension compatible with the assertion that the sliver solution 
represents a single D25-brane. 

Here we consider tachyon fiuctuations about a Dp-brane solution for arbitrary p and in 
this way evaluate the tension of the D-brane. We make use of boundary condition-changing 



twist operators, as suggested in [13|, in the 'geometrical' conformal field theory approach. 



We find the correct ratios of tensions between branes of differing dimension. Our results may 



be compared to those found in the recent paper |jT^ which were obtained using the algebraic 
(oscillator) |]19[ ||, || approach. We also investigate the effect of a 5-field and again obtain 
the expected ratios of tensions. 

This paper is organised as follows. In section we discuss the construction of perturba- 
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tive states around a D-brane solution, in particular focussing our attention on the tachyon 
field. Next, in section ^ we construct this perturbative tachyon state around a Dp-brane 
configuration and evaluate the resulting tension. Section ^ contains an analysis of the effect 
of a -B-field background, and we again obtain the standard expression for the tension of a 
non-commutative D-brane. We conclude with some comments in section ^ 



2 D^^-brane 



In Fock-space notation, as used in the geometrical approach of Rastelli, Sen and Zwiebach |T4 
the action is given by 



= -K 

and the equation of motion is written 



1^ 



(2) 



In VSFT the operator Q affects only the ghost sector of the theory; the equation of motion 
thus factorises and the matter part becomes 



(3) 



It is conjectured that the ghost part of the solution is universal [0. 

One solution S to the matter equation of motion, called the sliver state, is believed to 
correspond to a D25-brane. This state is defined by 



(H|0)= hm Ar(/o0(O)> 



(4) 



where on the RHS the brackets denote a correlation function in the matter BCFT on the space 
Cn- Cn is taken to be the semi-infinite cylinder obtained by identifying z = z + mi/2 
in the complex z upper half plane. is an operator representing an arbitrary state in the 
Fock space and |0) is the corresponding state obtained by inserting at z = in the 'local 
patch' —IT /A < z < it/A. We refer the reader to ||14| for details of this construction. 

In order to extend this to the case of a Dp-brane, we need to introduce boundary 
condition-changing twist operators |]T3|, ITU 



These are and cr and are inserted at 



±7r/4 ± e. This effectively imposes Neumann boundary conditions on — 7r/4 < z < n/A 
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and Dirichlet conditions on the rest of the boundary, 7r/4 < 2; < {2n — l)7r/4. The correlator 
in eqn. (^) is taken over the 26 independent conformal fields X^. In this case, we define 

(Dp|0>= hm Ar(/o0(O)>;^, (5) 

where the superscript indicates the presence of the a operators in the 25— p Dirichlet di- 
rections, while the p + 1 Neumann directions are unchanged. The state |Dp) so defined 
represents a Dp-brane [0 and it satisfies the equation of motion (^, provided that it is 
renormalised as follows. When we take the star-product of the sliver with itself, we will 
obtain a short- distance singularity from the proximity of cr"'" from one sliver, and a~ from 
the other. As noted in |T3|, the leading term of the operator expansion will have no oper- 
ator content, and so this singularity will only contribute (l/2e)'^ to the product, where h 
depends on the conformal dimensions of the a-operators. This divergent factor may simply 
be absorbed into the definition of the sliver state. 



3 VSFT Perturbations and D^-brane Tension 



We wish to start with a background string-field solution $0 = $ghost ® ^ and consider 



perturbations parametrised by fields. We follow here the procedure used in [|T8[, generalised 
to a the case of a Dp-brane. As in [jl5|, we use the perturbative expansion 

|v]>) = |$,)®{|<i.) + |r) + ■■■}, (6) 

where |T) is a tachyon excitation and terms corresponding to vector and higher excitations 
follow. The tachyon perturbation is 

|T> = j dkn'''hik)\xik)), (7) 

with T{k) the momentum-space tachyon field. We use k\\ to refer to directions longitudinal 
to the D-brane, and k± for transverse directions. 

We may insert this expansion for |\E') into the action (|l|) to obtain 



-(T|T) - ($|T * T) + -{T\T * T) 
2 3 



whence the linearised equation of motion for |T) can be obtained 

\x{k)) = \x{k)*<^) + \<^*x{k))■ 
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In this section we take as the background solution the Dp-brane state |$) = |Dj9). It was 
shown in [|l^ that the linearised equation of motion for a perturbation x(^) about the sliver 
state holds even when the BPZ-product with another solution x{k') is taken, that is 

{X{k)\x{k')) = (xik) * H + x{k) * ^x{k')). (10) 

Equation (|^) has been referred to as the 'weak' equation of motion, with eqn. (|TUp being a 
stronger version, since S and thus x are not quite Fock space states. 

The linearised equation of motion for a tachyon perturbation x{k) about the sliver 
state S was solved in |Q and this solution was expressed in the CFT language in [|T^]. In 
the present case of a Dp-brane, the solution may be written 

(X(fc)|0> = \im^^n''^fo^{0)e'''■^{n7l/A)yJ-^, (11) 

so that the momentum degrees of freedom are carried by a tachyon vertex operator inserted 
diametrically opposite the 0-insertion puncture. The factor n^'^n is inserted to compensate 
for a factor n n which will come from the correlator. 

Let us now show that the state in eqn. ([Tl|) satisfies the equation of motion (plQl). Com- 
puting first the LHS, we find 

(x{k)\x{k')) = Af^ lim n'^'m^'^l /e*'=-^(0)e*'='-^((n + m - 2)^))"^ . (12) 

n,m^oo \ ^ 4 / Cm+n-2 

This is calculated in the appendix and is given by eqn. ( |A-6| ) , 

(x{k)\x{k')) = K, lim n''l2"'l{2TifH{h\ + K)e'""-(^^+'=^). (13) 
Shifting our attention to the RHS of eqn. ([T0|), we may express either of the two terms as 
{'-*x{k)\x{k'))=U' lim n^^nf " (e^'=-^(0)e^^'-^ ((n^ + ns - 2)^) )'^^ 

(14) 

Evaluating this correlator in the same way we find 

{'^*x{k)\x{k')) = /C lim n''"2^t(27r)265(A;|| + A;f|)e'"o-('^+^^). (15) 
Substituting eqn. (0) and eqn. ([T5|) into the equation of motion (0), it reduces to 

kl = 1. (16) 
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We see that the tachyon hving on the Dp-brane satisfies the strong equation of motion, 
provided that it is on-shell. This is to be compared with the case of a D25-brane [|TB|. 
Off-shell we have 

2^-'l{x{k)\x{k')) = {x{k) * H + X{k) *^x{k')). (17) 

To calculate the Dp-brane tension, we first examine the quadratic term S^"^^ of the action 
(D to fix the normalisation of the tachyon field T{k). Using eqn. (|l^ we may write 

S^'^ = -^(^.|Q*P> / dkdk'T{k)T{k') {l-2^-^() {x{k)\x{k')). (18) 

After substituting the product from eqn. ([13D , we have 

5(2) = -i(^^|Q$^)/C j (F+^k\\dP+% (l - 2^-'') 2'=^(27r)26<5(A;|| + 

jy d25-^'fcxd2^-PA;ie'"°-('=^+'=^)T(A;)T(A;')| (19) 

Taking T{k) near on-shell, fcy ~ 1, we may write the fcy-dependent factor as (fcy — 1)4 log 2. 
We see that a re-definition of the tachyon field 

Tdp(A;||) = ^/C(27r)25-p(^^|Q^^)41og2 j d^^^-Pk^e'^'-^^T^k) (20) 

would cast S'*-^'' into the canonical form 

^(2) = -}-(27:Y+^ j d^+ifc||(fc||2 - l)rD,(fc||)TDp(-fc||). (21) 

The cubic term in the action involves 

{x{ki)\x{k2) * x{kz)) 

= (e*'=-^(0)e*^-^((ni + - 2)^)e**^3-^ ( - [n, + - 2)^))"^ . (22) 

Once again mapping to the unit disc, we may use Wick's theorem and the tachyon correlator 
from eqn. ( A-4 ) to find 

{x{ki)\x{k2) * X{k^)) = lim 2n^'''{27iY'^e'''°<^''^^S (j" k\\) (23) 
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Substituting this result into the action, the cubic term S^^^ is 



I j dh,2,3±nh)T{h)T{h)e'^'><^ "-^Y (24) 



which we can write in terms of the D-brane tachyon field (^) as 
^(3)^ 1 2(27rri 



^ (41og2)3/y/C(27r)P-25(^,|Q^3) 



The three-tachyon coupling can be read off; 



9T = , =■ (26) 

(41og2)3/2 //C(27r)P-25(^^|Q^^) 



Following the Dp-brane tension is given by 

1 



^ = 7^' (27) 



so that using eqn. (^6]) we can recover the standard formula for the ratio of D-brane tensions, 
where we have restored a'. 

4 Background B-field 

Here we investigate the effect of a constant background 5-field, and compute the tension as 
in the previous section. The worldsheet CFT is given by the action pl| 

(29) 



where fi and u run from to 25, while for simplicity i and j will take only the values 24 and 
25. That is, the 5-field has non-zero components only in these two directions. This action 
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leads us to the usual Neumann boundary conditions for the first 24 directions, while for the 
last two, we have 



{5,,dn + Bi,dt)XH 



= 0. (30) 

as 



In the following, we concentrate on these two directions and often omit explicit indices. The 
Green function on the unit disc is given by 

This can be written |^ in terms of the open-string metric G and the non-commutativity 



parameter 6. These are related to the 5-field by 



9 = —B^— and G = ^—1^—. (32) 

1 + B 1-B 1 + B 1-B ^ ' 



On the boundary, \z\ = 1, the correlator (|3TD becomes 

{X\e^)X^{e^'))^^ = -G^Mog (^2sin^^y + ^r e(0 - 0')- (33) 

4.1 (S, 5f)-Parametrisation 

In section ^ to define the D-brane state |Dp) in eqn. (|^) and the tachyon perturbation 
\x{k)) in eqn. (|ll]), we inserted operators to change the boundary condition to Dirichlet 
on part of the cylinder C„. We can accommodate the new boundary condition ( pOD by 
instead inserting new operators at the same positions. Thus on the cylinder C„, we have 
effectively a Neumann boundary condition on the region — 7r/4 < 2; < 7r/4, and eqn. ( ^OD 
will apply to the rest of the boundary. We will again absorb the various singular factors due 
to coincident [3^ and [3~ operators into the states. 

Analogous to eqn. (|^) we define the sliver state in the presence of a i?-field as 

(Hb|0>= limAr(/o0(O)>J , (34) 

where now the superscript indicates that we have inserted the operators (3^ in the 24- and 
25-directions. 

We now define a tachyon perturbation in the presence of the i?-field as 

\Tb) = j dfcn"'^'^T^'^TB(A;)|xij(A;)>, (35) 
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where fcj refers to the first 24 directions, and contains the last two components of k. TB{k) 
is the tachyon field, and we have used the notation 

hT^h^ki:(-^) kl (36) 



As in the previous section, we can write down the solution to the linearised equation of 
motion for the perturbation Xsik); 

{xB{k)\(l)) = lim Arn''«+''^^^'=^(/ o(/,(0)e'*^-^(n7r/4))f,^, (37) 

where this time we have inserted the operators to impose the 5-field boundary condition. 
Exactly analogously to the case of the Dp-brane, this state can be shown to satisfy the 
following. 



(xB{k)\xB{k')) = /Cv/det(l + E) lim n^h+^'''T^'''2 

{27rrH6{ki + kl) det ^-^6 (^{h + K) det 
[^B * XBik)\xBik')) = ^Vdet(l + 5) lim n''«+''^T^'^2'«+'^T^'^ 

{2rcrH6{k^ + k[) det {{h + K) det ^-i^ 



(3^ 



(39) 



so that off-shell 



(xB(A:)|xB(fc')> = 2'^^'^^'^-\xB{k) * + XB{k) * SB|xi.(A;')>. (40) 
We see that the on-shell condition is now 

to be compared with eqn. (0). In the limit of a large i?-field, 1/ (1 — -B^) ^ 0, and we recover 
the case of a D23-brane with on-shell tachyon condition fc^ = fcy(23) = 1- In the 5 — > limit, 
1/(1 — B"^) 1 and a D25-brane obtains, with k"^ + k^ = ^^^(25) = 1- Substituting eqn. ( ^8|) 
into the quadratic part of the action as before, and considering the large- i? limit we are led 
to define a 24-dimensional tachyon field by 

fsiki) = y^/C(27r)2(^,|Q^,)41og2v^t(l + 5) j d^^'-PhTsik). (42) 
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The tension of the resulting Dj9-brane (now taking fcb to represent 25 — p dimensions rather 
than two) is thus given by 

= Vdet(l + i?)(27r)(25-f)«'(25-rt/2_ (43^ 
4.2 (G, ^)-Parametrisation 

Defining the tachyon, in the presence of the open-string metric G, we write 

\Tnc) = j dkn^^'T^ci^XNcik)), (44) 

where since G is the effective metric, it is understood that k"^ = k^G^^k'^ . Looking at 
eqn. (0), we see that this normahsation is the same as that used in eqn. (^51). 
The perturbation is now of the form 

{xNc{k)\<P) = hm Un'\f o 0(O)e^'=-^(n7r/4)>J^, (45) 

and the correlators are found to be 



{xNc{^)\xNc{k')) = /C Vdet G lim n'''2''\27rf'^46{k + k') (46) 

n—*oo 



(E^c * XNc{k)\xNc{k')) = /CVdetG lim n^^ 2^' {27iYH6{k + k'), (47) 

with off-shell equation of motion 

{xNcik)\xNcik')) = 2^'-\xNcik) * Enc + XNc{k) * ENc\xNcik')). (48) 

We now have a 'non-commutative' on-shell condition 

k'^G.^k-' = 1, (49) 

where we have written G explicitly. We substitute eqn. (^) into the quadratic part of the 
action and re-define the tachyon field T/vc*; 



T^vc = JlC{^g\Q^g)VdetG4log2TNc. (50) 
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With this, the tachyon action becomes 



S = 5(2) + 5(3) 



2(27r) 



26 



(4 log 2)3/y /C(^3 1 Q^g)Vd^ 
j dki^2,3TNc{ki) * TNc{k2) * T^cikzl^ k 



(51) 



where * represents the Moyal product. We identify the cubic tachyon couphng to find the 
tension of this non-commutative D25-brane 



25- 



(52) 



Finally, we identify the ratio 



^23 
n-NC 
-'25 



(27r)^a 



detd + S) 



detG ~ (detG)i/4^ 



(53) 



as demonstrated in the papers |[TH| and |T7|. 



5 Discussion 

In |]13| it was proposed that in Vacuum String Field Theory a D-brane of arbitrary dimension 



may be represented by inserting boundary condition-changing twist operators into the CFT 
description of the sliver state in the directions transverse to the D-brane. We have calculated 
the ratio of tensions of D-branes using this approach and obtain eqn. (p8|), in agreement with 
standard string theory. Similar calculations in VSFT have recently been done in and 
T7| , using the algebraic oscillator approach. 



Additionally, in section | turning on a constant 5-field in some directions can be rep- 
resented in similar fashion, by the insertion of operators (3^ which suitably modify the 
boundary condition. In this way, we have shown that a non- commutative D-brane solution 
can also be constructed from the sliver state, for generic constant 5-field. 

Of course, for the case of vanishing B-field, we recover the D25-brane solution, while in 
the large-S limit, the boundary conditions become Dirichlet, and we find agreement with 
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our tension calculations for the lower- dimensional D-brane in section |^. Although for finite 
B there is no clear way to re-define the tachyon field, in the D25-brane case we calculated 
the tension of a non-commutative D25-brane. 



There was some discussion in |15[ and [|18[ as to whether the sliver state represents 
a single or multiple D-brane state. Although the quantities calculated here do not shed light 
on this question since they are ratios of tensions, they do provide further evidence that we 



are in fact dealing with a D-brane state, and that the proposals of |13[ describe the correct 
way to represent D-branes in VSFT. 
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Appendix 

Here we show the method of calculation of the correlators used in the main text; specifically, 
we make an example of eqn. (O). The other correlators used in the main text may be 



calculated in a similar way, and the details of the limiting procedure may be found in 



Starting with eqn. (|T^), we map Cm+n-2 to the unit disc using z . We note that 

since the zero mode of the expansion for X{z) contributes to the conformal dimension of the 
tachyon vertex operator, and this is absent in the Dirichlet case, the conformal dimension of 
gifc-x (^-^yjiicii ig of course normal-ordered) is fc|/2. On the disc, then, 

{x{kMk'))=U' hm r?'lm''\ ( ( V" (e^'=-^(l)e^'='-^(-l)>;t. 

^ ' ' 7i,m^oo \m + n — 2J \m + n — 2 / ^ ' ^^^^ 

(A-1) 



The zero mode we mentioned above also produces a (5-function in the correlator, |22[ giving 
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for the tachyon propagator. The X-propagator is given by 

1 



{X{z)X{w))^ = - log |z - w| ± lo^ 



z — - 

w 



(A-3) 



where for Dirichlet and Neumann directions the + and — sign is used, respectively. The 
tachyon correlator on the boundary is thus 

1 / Q_Q>^2k„.k'„ 



^^.k.x^^reyy.x^^.e'^y^^^^ = ^ (^2sin^ ) 5^ + k\^e^^-^'-^''-^ (A-4) 



where Xq is the Dirichlet boundary condition. Substituting this into eqn. ( [A-l| ) we have (We 
absorb factors of (2^pr into the state 



{x{k)\x{k')) = lim n'^'lm^^'h-^'^l 



,/2 



n,m^Qo \m + n — 2 J \m + n — 2^ 

+ A;[|)e"«-(^^+'=^). (A-5) 

Taking the m — oo limit, we end up with the result 

(x{k)\x{k')) = K, lim n''h''''l{2T:fH{h\ + A;f|)e'"° ('=^+^^\ (A-6) 
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